Contributions of the pre-ionized H2 (PI-H2) and ionized H + 2 subsystems of the two-electron H2 system to its high-order harmonic generation in 8-cycle sin 2 -like ultrafast intense laser pulses are calculated and analyzed based on the solution of the time-dependent Schrödinger equation (TDSE) for the one-dimensional two-electronic H2 system with fixed nuclei. The laser pulses have λ = 390 & 532 nm wavelengths and I = 1 × 10 14 , 5×10 14 , 1×10 15 & 5×10 15 Wcm −2 intensities. It is found that at the two lower intensities, the PI-H2 subsystem dominantly produces the HHG spectra. While, at the two higher intensities, both PI-H2 and ionized H + 2 subsystems contribute comparably to the HHG spectra. In the H 
Wcm
−2 intensity and λ = 532 nm wavelength, the even harmonics are appeared near cut-off region. Interestingly, at 5 × 10
15 Wcm −2 intensity and λ = 390 nm wavelength, the even harmonics replaced by the odd harmonics with red shift. At λ = 390 & 532 nm wavelengths and I = 1×10
15 intensity, the two-electron cutoffs corresponding to nonsequential double-recombination (NSDR) with maximum return kinetic energy of 4.70Up are detected. The HHG spectra of the whole H2 system obtained with and without nuclear dynamics treated classically are approximately similar. However, at 1 × 10
15

Wcm
−2 intensity and λ = 532 nm wavelength, if we take into account nuclear dynamics, the even harmonics which are appeared near cutoff region, replaced by the odd harmonics with blue shift.
I. INTRODUCTION
The HHG and related processes such as abovethreshold ionization (ATI) and dissociation, bond hardening and softening produced by atomic and molecular systems in strong laser fields have received great attentions in the past two decades [1] [2] [3] [4] [5] [6] [7] . During these years, HHG process has been an important subject in both experimental and theoretical physics [8, 9] . A molecular system exposed to a strong laser field, display different phenomena like one-electron ionization, multi-electron ionization and dissociation. The three step model has proven very successful as a basis to explain the atomic HHG and molecular aspects of HHG not present in atoms [8] .
In spite of recent progresses in computing facilities, direct solution of the time-dependent Schrödinger equation (TDSE) in three-dimension (3D) can only be carried out for one-electron systems due to limitations of the hardware facilities and time. Krause et al. were the first to solve the 3-D time dependent Schrödinger equation (TDSE) for one-electron systems such as He + and calculate the harmonic spectrum produced by them [11] . To facilitate the numerical solution of TDSE, many studies have been done in lower dimensions (1D and 2D) [13] [14] [15] [16] in which the electron-nuclear Coulomb interaction modeled by so-called soft-core Coulomb potentials [17] [18] [19] .
For multi-electron systems, however, using single active electron approximation is common [10] . In 1992, Krause et al. solved the time-dependent Hartree-Fock equations for He and the other rare gases using a singleactive-electron approximation in which only one electron interacts with the field, while the others remain fixed in their ground-state orbitals [11] . HHG spectra are also hoped to be well captured by TDDFT with known exchange-correlation potentials. However, HHG spectra of helium which obtained by TDDFT may display an unphysical second plateau [12] . Recently, Bauer et al. introduced time-dependent renormalized-natural-orbital theory (TDRNOT) which can be formulated for any timedependent two-electron system in either spin configuration. They found that TDRNOT with two natural orbitals per spin reproduces the HHG spectra of He very well [12] .
HHG in the molecular system arises from evolution of the electronic wavepackets which can be partitioned into different electronic levels, different vibrational levels, different spatial regions (left and right side of the simulation box), or different components of a molecule in a laser field. To obtain the contributions of different vibrational and electronic states to the total HHG spectrum, it is possible to decompose the total wavefunction as a superposition of the several lowest Born-Oppenheimer electronic wavefunctions of the system and the residual part of the wavefunction including the higher excited states and electronic continuum states [20, 21] . Total HHG signal can be also decomposed into different localized signals by introducing the electronic wavefunction localized on the right and the left nucleus [22] .
Recently we have studied the contribution of different components of H 2 molecule in the HHG spectra. In [23, 24] , we introduced the homolytic and ionic transient 
FIG. 1.
The schematic diagram of the simulation box adopted in this study. Roman and Arabic numbers represent the box partitions and their borders, respectively. Reprinted from [29] , with the permission of AIP Publishing. states of pre-ionized H 2 (PI-H 2 ) in the two-electron evolution of the 1D H 2 -system. In these studies, the mechanism of forming transient species prior to ionization of the two-electron molecular H 2 system, exposed to ultrashort intense laser pulses, are investigated by solving the one-dimensional (1D) TDSE, including nuclear motion semiclassically and using the simulation box shown in Fig. 1 . In this work, we will continue along the same line by focusing on the high-order harmonic generation by the two-electron and one-electron subsystems of the H 2 system, named pre-ionized H 2 (PI-H 2 ) and H + 2 , respectively.
We specially focus on the relative contributions of the PI-H 2 and the ionized H + 2 species to the HHG of the H 2 system, and the effects of intensity and wavelength of the laser pulse on these contributions. The H 2 system is the simplest model enabled us to investigate the complexity of the HHG of a multi-electron system. This system can be considered as a combination of an one-electron and a two-electron subsystems. In studying multi-electron systems, usually one active electron is taken into account, and the HHG of other electrons are ignored [25] . In this work, however, we check the amount of competition and the effect of both electrons.
In 2007, Bauer et al. reported nonsequential doublerecombination (NSDR) HHG process for an atomic system [26] . NSDR process is occurred when two electrons propagating independently of each other in the field and then returning simultaneously to emit the combined kinetic energy of the two electrons as HHG. This process results in a new plateau in the HHG spectrum which its cutoff energy is larger than the one-electron HHG signal [27] . Recently Madsen et al. have studied the signatures of NSDR HHG in a molecular system. They found that for small internuclear distances of R 8 a.u. the observed cutoffs in the NSDR HHG part of the spectra remain similar to the atomic case [28] . For internuclear distances of R 8 a.u., however, a characteristic signal is observed with even higher energy than that of atomic NSDR HHG. They claimed that this signal and the associated cutoff originates from electrons which are both emitted and recombine within the same period. This same-period emission and recombination (SPEAR) allows a higher total kinetic energy of the electrons than what is allowed for an atomic system where electron-electron repulsion suppresses such a signal [27] . Madsen's group also formulate a Coulomb-corrected three-step model (CC-TSM) to understand the NSDR process. At internuclear distances of R 8-9 a.u., they find a change in the NSDR process originating from a transition in the charge-transfer dynamics in the molecule. This change is not observed for one-electron HHG and is not predicted by the three-step model but comes from the proposed CC-TSM [28] . In this work, we search for the NSDR and SPEAR cutoffs in the HHG spectra.
This paper is organized as follows: the computational method is introduced in Section II, the results are presented in Section III , and finally, conclusions drawn from this work are highlighted in section IV. Throughout this paper, atomic units (a.u.), e=1, = 1, m e =1 are used unless stated otherwise.
II. COMPUTATIONAL METHOD
We choose a one-dimensional (1D) model for the coordinates of each electron. Indeed, we solve the TDSE for a 1D model with a soft-core Coulomb interaction between the charged particles to investigate the electronic dynamics of the two-electron molecular H 2 in a strong laser field. To do this, we adopt a partitioning scheme for the simulation box which has been applied in our previous works [23, 29] . We used an absorbing potential at the boundaries of the simulation box to avoid the electron reflections from the boundaries.
This simulation box is shown in Fig. 1 (Fig. 3 of Ref. [29] ). In order to simplify the numerical solution of this electron-nuclear TDSE within the adiabatic approximation [30] , the two nuclei coordinates are treated either fixed or considered as parameters adjusted every time steps using a classical Verlet approach [31] . The initial state is a singlet ground electronic state with an equilibrium internuclear distance R = 2.13 at rest.
In what follows, R 1 (t) and R 2 (t) indicate the instantaneous positions of the nuclei, z 1 and z 2 are the coordinates of electrons. The temporal evolution of electrons of this system is described by TDSE, i.e. [30, 32] 
where the electronic Hamiltonian for this system, H e (z 1 , z 2 , t; R 1 , R 2 ), is given by
The potential V (z 1 , z 2 , t; R 1 , R 2 ) is given by
where Z 1 = 1 and Z 2 = 1 are the charges of nuclei and the screening parameters a, b and c are responsible for the softening of the electron-nucleus, electron-electron and nucleus-nucleus interactions, respectively. Values of these parameters are set to the same values as used in our previous works [23, 29] and also the work of Camiolo et al. [30] . The instantaneous positions of the nuclei needed for the evaluation of the forces are calculated based on the Verlet algorithm [24, 31] . The details of the numerical simulation is presented in [32] . = 580 (corresponding to the positions of the region boundaries at ±5, ±250 and ±290, respectively) for λ = 390 nm wavelength, and to 10, 1200 and 1280 (corresponding to the positions of the region boundaries at ±5, ±600 and ±640, respectively) for λ = 532 nm wavelength.
The power spectrum of high harmonic generation (HHG) obtained from the mean value of the acceleration of each electron via [34] 
where
is the Hanning window function and T is the total pulse duration. This function reduces the effect of nondecaying components in the dipole acceleration that last after the laser pulse is switched off [35, 36] . The time frequency profiles W (ω, t), TFP, of the high harmonics are obtained via a Morlet wavelet transform [34, 37] of the time-dependent dipole acceleration given by
in which σ=2π.
In our previous work [24] , we focused to the dynamics of individual homolytic (e 1 H + α − H + β e 2 ) and ionic (H − α − H + β ) states formed transiently during the evolution of the two-electron wave packet of H 2 subsystem. In this work, we investigate the dynamics of two-electronic PI-H 2 and one-electronic H + 2 subsystems and their contributions to the overall high harmonic generation spectrum of H 2 . For this purpose, the overall HHG spectrum S(ω) in equation (4) can be decomposed as (7) where the terms on the right hand side are the power spectrum of HHG arising from the PI-H 2 , H and quasi-H 2+ 2 regions, the contributions of the last two terms are negligible, and thus equation (7) is reduced to 
III. RESULTS AND DISCUSSION
The evolution of the populations of the PI-H 2 and H Fig. 2 . It can be seen from this figure that at the lowest laser pulse intensity (1×10 14 Wcm −2 ), the PI-H 2 is the dominant subsystem, and the H + 2 subsystem is populated slightly only in the last couple of cycles of the laser pulse. Therefore, it can be expected that the ionized H + 2 subsystem does not considerably contribute to the HHG spectrum at this intensity. By increasing the intensity of the laser pulse, the population of the PI-H 2 subsystem drops sharply after initial cycles; however, the population of the H + 2 subsystem begins to rise. Moreover, increasing intensity of the laser pulse shifts the PI-H 2 population depletion stage to shorter times. This intensity-dependence of the depletion time is similar for laser pulses of both λ = 390 & 532 nm wavelengths. Fig. 2 shows also that the population of the H + 2 subsystem rises, along with the decrease in the population of PI-H 2 , up to a maximum and then is depleted to populate the Q-H subsystems after the field amplitude is decreased.
As it can be seen in Fig. 2 , at I = 5 × 10 14 and 1 × 10 15 Wcm −2 intensities and during 4th and 5th cycles, the populations of the H (Fig. 1) , and also the comparison between these regions and the HHG spectra of the H It can be deduced from Figs. 4 and 5 that the HHG spectra follows a non-perturbative plateau behavior immediately after a steep descent at small harmonic orders. This plateau region ends with a relatively sharp so-called cutoff. The cutoff region can be explained by using the three-step model [39, 40] . According to this model, after ionization, electrons accelerate in the laser field and can gain a kinetic energy with a maximum of 3.17 times of ponderomotive potential (U p ). So the maximum energy which can be released when one electron recombine with the parent ion (H + 2 and H 2+ 2 ), i.e. the cutoff energy E c , can be evaluated by
where E c and I p are respectively the cutoff energy and the ionization energy of the selected subsystem, and U p is the ponderomotive energy of the electron in the laser field. Electrons emitted in different periods traverse the nuclei more than once and can reach combined maximum return kinetic energies of 5.55U p = 3.17U p + 2.38U p and 4.70U p = 3.17U p + 1.53U p for first and third electronic return combined and first and second electronic return combined, respectively [27] . In Fig. 6 , we focus on the HHG spectra produced by the PI-H 2 and H + 2 subsystems at λ = 390 & 532 nm wavelengths and I = 1 × 10 15 intensity. The two-electron cutoffs shown in this figure and their related new plateaus correspond to the first and second electronic return (1+2 NSDR) with maximum return kinetic energy of 4.70U p . Moreover, the cutoff related to the first and third electronic return (1+3 NSDR) with maximum return kinetic energy of 5.55U p does not appear in the HHG spectra. At λ = 390 nm, the HHG spectrum of H + 2 subsystem has only one plateau. At λ = 532 nm, however, two plateau can be detected for this subsystem. It is interesting that the second plateau for the PI-H 2 and H 15 Wcm −2 intensity and λ = 390 nm, the population of PI-H 2 subsystem becomes zero at the 5th cycle. Correspondingly, in Fig. 7 , it can be seen that the intensities of the signals in the TFP-HH of the PI-H 2 subsystem decrease effectively after the 5th cycle. It is also shown in Fig. 7 that the intensities of the signals in the TFP-HH of the H + 2 subsystem remain strong until the last cycle. Moreover, the TFP-HH of the overall H 2 system is similar to the TFP-HH of its H + 2 subsystem after the 5th cycle. It can be concluded from these results that at 1 × 10 15 Wcm −2 intensity in the time interval between the 5th and 8th cycles, the H sity, the contribution of the H + 2 subsystem to the HHG is much more significant as compared to that of the PI-H 2 subsystem. According to Figs. 7 and 8, the intensity of signals in TFP-HH of the PI-H 2 subsystem are weak in comparison to those of the H + 2 subsystem. Moreover, the contribution of the PI-H 2 subsystem to HHG is negligible after the 4th cycle at this intensity.
If the laser pulses comprise many optical cycles and have intensities such that non-dipole and relativistic effects can be neglected, the harmonic angular frequencies ω are only emitted at odd multiples of the laser angular frequency (ω = qω 0 , and q = 1, 3, 5, . . .) due to the inversion symmetry of the system in the field [38] . As discussed elaborately in Ref. [36] , it seems that the complex patterns appearing in the HHG spectra of the H + 2 system originated from two effects. The first effect is a non-adiabatic frequency red shift of the harmonics which can be seen for low harmonic orders and almost independent of the carrier envelope phase (CEP). The second effect comes from a spatially asymmetric emission along the z direction which breaks down the oddharmonic rule. These effects also lead to complex patterns in the HHG spectra of the H 2 system obtained in this work. At 1 × 10 14 Wcm −2 intensity and λ = 390 nm wavelength, the odd-harmonic orders from 1 to 23 can be seen clearly in the HHG spectra of the H 2 system, but for λ = 532 nm wavelength, some odd-harmonic orders can be distinguished (see Fig. 5 ). At higher intensities, the total HHG spectra shows an almost simple pattern at both low and high harmonic orders, but a complex pattern at the intermediate harmonic orders. For instance, at 1×10
15 Wcm −2 intensity and λ = 532 nm wavelength, the odd harmonic orders between 1 to 11 are evident. After the 11th harmonic order, the peaks become complex. Near cutoff region, between 50 to 72 orders, the spectrum becomes simple again, and interestingly, the even harmonics appear which is related to H Wcm −2 intensity and λ = 390 nm wavelength, the spectrum between 79 to 99 orders is simple, but the even harmonics replaced by the odd harmonics with red shift.
As discussed in our previous work (see Fig. 3 of ref. [24] ), the internuclear distance in initial cycles does not change significantly, while there is considerable population in the pre-ionized H 2 subsystem. So very similar variations and fall-offs are observed in the populations of the PI-H 2 and H + 2 subsystems in the calculation with the freed nuclei. If the dynamics of nuclei (classically) are taken into account, the HHG spectrum of the H 2 system is similar to the HHG spectrum of the H 2 system with fixed nuclei (Fig. 9) . Interestingly, at 1 × 10
15
Wcm
−2 intensity and λ = 532 nm wavelength, the even harmonics between 50 to 72 orders are replaced by the odd harmonics with blue shift (see Fig. 10 ).
IV. CONCLUSION
The HHG spectrum of the most simple two-electron system, hydrogen molecule, and contributions of its twoelectron and one-electron subsystems (PI-H 2 and H + 2 ) to the overall HHG spectrum were studied in this work. TDSE was solved numerically for a one-dimensional model of H 2 system in linearly polarized laser pulses of different intensities (1 × 10 14 , 5 × 10 14 , 1 × 10 15 & 5×10
15
Wcm −2 ) and wavelengths (390 & 532 nm). The intensity and wavelength of the laser pulse affect the contributions of the subsystems to the HHG spectrum. At the lowest laser pulse intensity (1 × 10 14 Wcm −2 ), the pre-ionized H 2 (PI-H 2 ) is the dominant subsystem, and the ionized H + 2 subsystem does not contribute to the HHG production. By increasing the intensity of the laser pulse, the contribution of H + 2 subsystem becomes more significant. We searched for the NSDR and SPEAR cutoffs in the HHG spectra. As the equilibrium internuclear distance (2.13 a.u.) is smaller than 8 a.u., we could not detect SPEAR. This agrees with the results which Madsen's group reported [27, 28] . At λ = 390 & 532 nm wavelengths and I = 1 × 10 15 intensity, we detected the twoelectron cutoffs corresponding to 1+2 NSDR with the maximum return kinetic energy of 4.70U p , but the cutoffs related to 1+3 NSDR with the maximum return kinetic energy of 5.55U p did not appear in the HHG spectra.
At 1 × 10 14 Wcm −2 intensity, the HHG spectra of the H 2 system is simple. At higher intensities, however, the total HHG spectra shows an almost simple pattern at both low and high harmonic orders, but a complex pattern at the intermediate harmonic orders. At 1 × 10
Wcm
−2 intensity and λ = 532 nm wavelength, the even harmonics appear near cutoff region, i.e between 50 to 72 orders. Comparingly, at 5 × 10 15 Wcm −2 intensity and λ = 390 nm wavelength, the even harmonics near cutoff region, i.e between 79 to 99 orders, replaced by the odd harmonics with red shift. The HHG spectrum of the H 2 system with freed nuclei is similar to the HHG spectrum of the H 2 system with fixed nuclei. However, at 1 × 10 15 Wcm −2 intensity and λ = 532 nm wavelength, the even harmonics between 50 to 72 orders are replaced by the odd harmonics with blue shift.
